Cracks in critical sections of steel structures pose a major safety concern in many industries. Existing high-frequency ultrasonic techniques offer high detection sensitivity to cracks but have poor inspection volume coverage, limiting their practical use for monitoring large areas of structures. Low-frequency guided waves have relatively high inspection area coverage and are currently used in pipeline monitoring for corrosion defects but face challenges in detecting critical cracks that often cause over an order of magnitude lower cross-sectional area loss. A study of scattering from small cracks in a thin-walled (<12 mm) section with an incident plane SH0 guided wave at higher frequencies but remaining below the SH1 cutoff is presented here using quasi-static approximations, the aim being to explore the possibility of using this regime for crack growth monitoring applications. A 3-D solution was developed using dimensional analysis, which showed that the SH0 reflection ratio is proportional to frequency to the power 1.5, to the effective crack size cubed, and is inversely proportional to the plate thickness and to the square root of the distance from the crack to the receiving sensor. Finite element analysis was used to validate these power coefficients and to calculate the proportionality constant. The results show that a higher inspection frequency offers improved sensitivity, but the validity of the results here is limited to the SH1 cutoff frequency. The predicted 3-D solution was validated by measurements on a pipe with a progressively grown notch.
I. INTRODUCTION
C RACKING at steel welds and other locations is a significant cause of plant failure [1] , [2] . Cracks typically develop in the heat-affected zone of welds in plate-like structures [3] . These small cracks can grow and cause components to fail, despite operating well below the allowable stress limits [4] . Potential drop [5] , [6] , phased array ultrasonics [7] , [8] , time-of-flight diffraction [9] , [10] , and the Rayleigh surface waves [11] , [12] are existing non-destructive testing (NDT) methods used to detect and size cracks, with these conventional techniques normally being employed during periodic plant shutdowns. Recently, structural health monitoring (SHM) is gaining more popularity as a replacement for the traditional NDT methods because it can usually operate continuously during plant operation, avoids the cost of repeated access to difficult-to-access areas [13] , [14] , and has the ability to track the rate of damage progression [15] . However, the NDT techniques discussed above would not be practical in SHM over large volumes of welds because of the limited inspection coverage per transducer. This is because these techniques have a relatively small-volume coverage, typically covering only the volume around the probe footprint.
In conventional inspection, the probes are scanned to achieve full volume coverage but this is not practical in monitoring because the probes are fixed in place. Guided wave monitoring potentially provides a solution to this problem, as large volume coverage is obtained from a single transducer [16] , [17] . Currently, low-frequency guided wave techniques are used for both one-off inspections and monitoring of assets in the petrochemical industry. In the field of guided wave inspection for pipes, defect size is typically quantified by the loss in cross-sectional area (CSA) because the transmitted guided wave covers the entire pipe circumference. One-off guided wave inspections have been shown to reliably detect defects of the order of 5% CSA [18] ; therefore, the method is mainly used for the detection of relatively large corrosion patches. Recently, guided wave monitoring techniques have been developed giving improved sensitivity down to ∼1% CSA, thus detecting relatively small corrosion patches [19] , [20] or relatively large crack-like defects [21] . The authors acknowledge that the CSA term is practically not used for plates because the incident wave does not usually extend across the entire plate width.
Despite this improvement in sensitivity, existing commercially available low-frequency guided wave monitoring systems cannot be used in many crack detection applications, where a critical crack may represent 1% cross section loss [22] . In addition, the reflection coefficient from cracks producing a given CSA loss tends to be smaller when its axial extent (or crack width) is negligible [23] . This could be addressed by exploring the use of higher frequency guided waves, which would typically improve sensitivity at the expense of the inspection range. Most guided wave inspections are carried out using a single mode in a pulse-echo configuration [24] . However, there is an infinite number of different modes that can exist within a plate-like structure. The number of modes that exist can be greatly reduced if the chosen frequency range of operation is below the cutoff frequencies of higher order modes [25] . In plates, there are only three fundamental guided wave modes that exist below the first-order modes, namely, the symmetric (S0), antisymmetric (A0), and shear horizontal (SH0). Dispersion is usually undesirable in an inspection system because it reduces the amplitude and increases the duration of the signal [25] . Therefore, the SH0 guided wave is very attractive because it is non-dispersive at all frequencies, in contrast to the higher order modes. This has led to the SH0 mode being used, for example, in the quality control inspection of laser butt-welds in automobile part welding lines [26] .
Higher order SH modes can be advantageous if higher inspection frequencies are required to increase sensitivity to small defects. For example, Hirao and Ogi [27] used SH1 waves to detect corrosion and evaluate remaining wall thickness in polymer-coated pipes. Beuker et al. [28] demonstrated that higher order SH modes can be applied to detect stress corrosion cracking defects in pipelines. More recently, Andruschak et al. [29] extended this application and demonstrated that SH1 waves can potentially be used for the detection of gradual thinning defects under pipe supports. Despite the advantages of the sensitivity offered by higher order SH modes, it is practically easier to operate below the higher order mode cutoff and deal with SH0 only since it is more robust. Therefore, the SH0 mode is studied here. The study of bulk wave scattering from cracks produced by oscillatory loading is complex and has been a subject of great interest over the past few decades. For example, Mal [30] studied the scattering of SH waves by a penny-shaped crack in an infinite medium. Mal [30] showed that at low frequencies, the crack-opening displacement under static loading and oscillatory loading are very similar. Therefore, a quasi-static approximation should provide a reasonably good approximation to the scattering solution at low frequencies. Then, in the 1980s, Itou [31] derived scattering solutions for a rectangular crack with a normally incident plane wave by using integral transforms and eigenfunction expansions. A few years later, Krenk and Schmidt [32] applied the same method for a circular crack under oblique incidence. Mendelsohn et al. [33] , Brind and Achenbach [34] , and Keer et al. [35] developed analytical solutions to the scattering of elastic waves from 2-D surface-breaking cracks in an infinite medium by using an integral equation approach. Over the next few years, several studies were conducted to investigate scattering from the cracks of arbitrary shapes [36] - [38] . Guan and Norris [39] adopted the methods of Itou to directly solve the scattering of obliquely incident longitudinal plane waves from a rectangle-shaped crack and described how to calculate the crack-opening displacement for a rectangular crack under shear load.
There have also been substantial developments in the solution to guided wave scattering from cracks, following the developments in the analysis of bulk wave scattering. As described previously, guided waves can have a plethora of propagating modes that can make their interaction with cracks more challenging. In his book, Auld [40] derived a generalized formula for shear wave scattering from cracks in plates using reciprocity arguments and the S-parameter formalism, which has been shown to be similar to the results for bulk waves.
Datta et al. [41] extended this to a surface crack embedded in a semi-infinite medium using matched asymptotic expansions, which was shown to be accurate at low frequencies. In the same year as the work done by Datta et al. [41] , King and Fortunko [42] used variational solutions to describe SH guided wave scattering from cracks.
Numerical studies have also been conducted to understand the reflection behavior of SH0 from rectangle-shaped notches in steel plates. For example, Demma et al. [43] investigated the scattering behavior of SH0 from rectangular notches in plates as a function of defect axial extent, defect depth, and inspection frequency. They observed that in the region where the ratio of defect axial extent to wavelength is less than 25%, the reflection ratio is approximately linearly dependent on defect axial extent and frequency. Rajagopal and Lowe [44] extended this study to through-thickness and part-thickness cracks in a 3-D plate. Ratassepp and Lowe [45] investigated the scattering of SH0 from a through-thickness 2-D crack, which is aligned with the direction of wave propagation. Following from Demma et al., Carandente et al. studied the reflection of the fundamental torsional mode T(0, 1), which is analogous to the SH0 mode in a plate, from an axi-symmetric defect in a pipe. Both studies suggest that cracks with small axial extent will produce a smaller SH0 reflection in comparison with a corrosion patch despite having the same CSA [46] . In addition, they suggest that a bigger reflection can be obtained by maximizing the frequency of inspection. Recently, Combaniere et al. [47] studied the effect of tilted 2-D surface-breaking cracks on SH0 scattering in plates.
Despite the rapid advancement of computer algorithms and CPU performance, an elegant and explicit solution that provides a reasonably accurate solution within a certain range of operating conditions is usually desired, as it illuminates the physics of the problem. In addition, approximate methods are generally favored over exact solutions because of the limited number of guided wave scattering problems that can be solved exactly as well as the complexity introduced by the existence of many guided wave modes. In this work, we seek an approximate solution to the SH0 reflection ratio from a small surface-breaking crack (crack length and depth wall thickness) for a range of frequency that is below the SH1 cutoff, typically about 160 kHz in a 10-mm-thick steel plate [48] . Since the crack size of interest is much smaller than the intended incident SH0 wavelength, a scattering solution based on quasi-static, low-frequency approximations is likely to be sufficiently accurate. Baik and Thompson [49] worked on predicting the reflection of low-frequency ultrasonic waves from defects by the addition of a spring representing compliance across the crack faces. Their model assumes a distribution of ideal springs connecting the two undamaged halves of the specimen. Following Baik and Thompson [49] , Margetan et al. [50] applied this approach to thin cracks in plates for bulk longitudinal waves. More than two decades later, Bostrom and Golub [51] extended this concept for SH waves in a plate. Later, Golub et al. [52] further developed this idea by constructing an analytical formula for the reflection of bulk shear waves from a circular crack in a 3-D system. Despite the simplifications introduced by operating at the low-frequency limit, the solutions developed generally still rely on numerical solvers to compute the solution to integral equations and are limited to certain canonical crack shapes.
The previous work suggests that guided waves may be attractive for monitoring crack growth in welds. This is because guided waves can offer a good balance between sensitivity and volume coverage per transducer and sensitivity toward cracks with small axial length. If the amplitude of the guided wave reflection from small cracks is to be used to quantify the extent of damage, there is a need to understand the relationship between reflection amplitude, crack dimensions, and inspection wave properties. A simple, quasi-static model is attractive, as it captures the essential physics in a simple formulation and allows the relationship between reflection coefficient and crack dimensions, frequency, and plate thickness to be explored. In the 3-D solution, we use dimensional analysis to derive the power relationships between the reflection coefficient of SH0 waves from a rectangle-shaped crack with frequency, defect dimensions, plate thickness, and far-field distance from the defect. These results are then used to validate a 3-D finite element (FE) analysis of the problem; this analysis can then be used to obtain the constant of proportionality between the reflection coefficient and the terms in the dimensional analysis. Having been validated in this case, the 3-D FE analysis can then be used in the future to investigate the effect of different crack shapes as required.
This article starts with the 2-D case and then goes on to 3-D. In Section II, the spring interface model with quasi-static approximations was extended to derive a 2-D analytical solution for the reflection amplitude ratio of SH0 mode from a surface-breaking crack, which was numerically validated. In Section III, the dimensional analysis was used to derive a 3-D low-frequency analytical solution for the reflection amplitude ratio of shear guided waves from a surface-breaking crack, which is validated both numerically and experimentally. Finally, concluding remarks regarding the significance of guided wave monitoring of small cracks are given in Section IV.
II. INTERACTION OF SHEAR HORIZONTAL GUIDED WAVES WITH A SURFACE CRACK IN 2-D
While previous studies have investigated zero-order guided wave interaction with 2-D defects in plates, the emphasis of the discussion has been on larger defects removing 10% or more of the cross section [43] - [45] , [53] . It is, therefore, useful to revisit the 2-D case to look in more detail at the smaller crack depth range. Initially, the low-frequency solution to the scattering of a bulk shear wave from a periodic array of 2-D Griffith cracks between two identical elastic half-spaces is developed, adapted from Margetan et al. [50] . This solution is then extended to a surface-breaking Griffith crack in a plate.
A. 2-D Analytical Solution
First, let us consider an imperfect interface between two identical elastic half-spaces that contain a periodic array of 2-D Griffith cracks, as shown in Fig. 1(a) , where d denotes the width of the Griffith cracks, which are oriented perpendicular to the incident wave, and T is the period of the crack array. As defined by Margetan et al. [50] , the finite interfacial stiffness κ of the imperfect interface for in-plane shear stress polarized along the length of the cracks can be expressed as
where μ is the shear modulus of the elastic medium and C is a damage parameter that is equal to the relative fractional cross section occupied by the crack and defined as
The reflection coefficientR between two identical elastic half-spaces separated by an imperfect interface of finite interfacial stiffness κ can be calculated aŝ
where i is √ −1 and k is the shear wavenumber. Equation (1) can be substituted into (3) to calculate the low-frequency asymptotic limit of the reflection ratio R in a dimensionless form as
Naturally, the normally incident horizontally polarized shear wave produces no stress (τ xy = τ yx ) on the planes represented by the dashed lines in Fig. 1 . Furthermore, by virtue of symmetry, waves scattered from the infinite periodic array of cracks cannot produce any stress on those planes either; therefore, those sectioning planes are entirely stress-free. The reflection ratio for a surface crack can be deduced by considering a different sectioning strategy, as indicated in Fig. 1(b) . The reflection ratio of the plane SH0 waves from a surface-breaking crack in an isotropic medium can be approximated if the definition of the system described in Fig. 1(b) is substituted into (4) to yield
where f is the frequency and c s is the phase velocity of the shear wave.
The static crack-opening displacement exhibits a symmetric quadratic profile over the depth d of the fully embedded crack with maximum at the center and zero at both edges; therefore, the crack-opening area is proportional to d 2 . The reflection coefficient is proportional to the crack-opening displacement averaged over plate thickness T , i.e., R 2-D ∝ d 2 /T . Naturally, for an edge crack, both d and T are doubled, so the reflection coefficient must double too, as it is suggested by (5) . The underlying physical reason for the doubling of the reflection coefficient for edge cracks is that for an embedded crack, d represents the distance between the two edges of zero crack-opening displacement, while for an embedded crack, d represents the distance between an edge of zero crack-opening displacement and the loose "center" of maximum crack-opening displacement that lies in the plane of the free surface.
Hence, the reflection ratios for both center and edge cracks are proportional to frequency, to crack depth squared, and are inversely proportional to plate thickness. Therefore, in the low-frequency (defect depth-to-wavelength ratio tending to zero) limit, the reflection ratio is not simply proportional to the cross-sectional area loss (d/T ) as is commonly assumed in guided wave inspection, where larger defects are considered [54] , [55] . The result also shows that it is beneficial to operate at higher frequencies, but the validity and accuracy of the solution reduce as frequency increases. In addition, the solution is invalid above the SH1 cutoff, where more than one mode can propagate in the plate. Since most cracks of concern are likely to be surface breaking, it is beneficial that the sensitivity to a surface crack is double that to a crack in the middle of the plate.
III. INTERACTION OF SHEAR HORIZONTAL GUIDED WAVES WITH A SURFACE CRACK IN 3-D
Work has previously been carried out to understand guided wave interaction with 3-D defects in plates [56] , [57] and pipes [18] , [20] , the focus being on either holes, large cracks with lengths in the same order of magnitude as the wavelength or corrosion patches larger than 1% CSA. In this investigation, we shift our focus to small, critical cracks, typically smaller than 1% CSA, that are aligned perpendicular to the incident wave direction. Although the relationship between scattered wave amplitude and distance is well known, the frequency, crack-size-and crack-shape-dependent terms will be novel terms in the solution. In contrast to the 2-D case, an added complication is introduced by the shape of the crack. This limits the use of existing analytical solutions because approximate solutions are generally developed for certain canonical shapes and still involve substantial computations to solve. Initially, dimensional analysis is used with the quasi-static assumption to obtain a physically meaningful equation that relates the SH0 reflection ratio to the physical variables that define the crack. FE analysis is used to calculate the proportionality constant that cannot be obtained from the dimensional analysis. Finally, experiments were performed to validate the analysis, where the crack was simulated by machining a notch.
A. 3-D Analytical Solution
In this section, we derive the low-frequency asymptotic solution to the problem of scattering of elastic shear horizontal waves by a 3-D, rectangular surface-breaking crack. The far-field reflection coefficient R of the crack is defined in this article as
where u sc and u in are the scattered and incident displacement amplitudes. Let us now consider the scattering of a plane harmonic incident wave from a flaw. The dimensionless reflection coefficient of the flaw can be formally written as
where r is the distance from the flaw to the point of observation, d is the flaw depth, c is the flaw width, and T is the waveguide thickness. The dimensionless reflection coefficient R(r ) in (6) is complex, but, for the sake of brevity, the common e i(kr−ωt ) phase term will be omitted and R 3-D will represent the magnitude of the complex dimensionless reflection coefficient.
We seek an asymptotic approximation of R 3-D when
We proceed to express R 3-D as a power function
which is dependent on all the geometrical parameters of length dimension normalized to the wavelength, λ, where M c , M d , M r , and M T are the power coefficients corresponding to crack length, crack depth, sampling distance, and waveguide thickness, respectively. In contrast to the 2-D case, the 3-D field reflected from a crack is divergent, which means not only that the reflected field depends on the distance from the scatterer but also that this influences the frequency dependence of the reflected field. In the far-field, the amplitude of the scattered wave depends on the number of dimensions, D, in which divergence can occur in the system. The radiated power of the wave is distributed over D − 1 transverse dimensions, relative to the propagation dimension. Therefore, the power coefficient M r , which describes the decay of the amplitude reflection ratio with distance, can be expressed as
where the factor of 2 in the denominator accounts for the square relationship between field amplitude and intensity.
In guided wave testing, defect sizes are typically expressed by the cross section loss they represent. Therefore, R 3-D can be expressed as a function of crack CSA and shape by rewriting (9) as
where ξ is the crack aspect ratio defined as ξ = c d (12) and the effective crack size a is described as a = √ cd (13) and S is the normalized shape factor. The first-order perturbation term in the stress field caused by a crack at a distance far away from it does not explicitly depend on the crack geometry or the local stress distribution [39] . Hence, both the crack geometry and the local stress distribution influence the far-field stress only through the so-called crack-opening volume COV [39] . Therefore, we can define S as
and ξ 0 is the crack aspect ratio that yields the maximum reflection ratio value. At the quasi-static limit, the reflection coefficient of shear waves from a small crack has been shown to be proportional to the crack-opening volume COV, which is the crack-opening displacement integrated over the area of the crack [52] , [58] , [59] . Mode II crack displacement is shear sliding when the shear stress acting in the plane of the crack is normal to the edge of the crack, while Mode III crack displacement is shear tearing when the shear stress acting in the plane of the crack is parallel to the edge of the crack.
In the case of a rectangular crack embedded in the infinite medium and aligned with the shear loading direction, two opposite edges (d) of the crack will be in Mode II sliding edge displacement, while the other two edges (c) of the crack will be in Mode III tearing edge displacement. In this way, there is no difference between Modes II and III for a rectangular crack. After sectioning, the originally symmetric stress distribution remains the same over the sectioned-off half-crack as before, but only one of the "width" (c) edges is retained in Mode III tearing deformation, while the opposite edge on the free surface becomes stress-free. Although Kassir [60] successfully developed a closed-form integral solution to the crack-opening displacement for a rectangular crack under shear loading, cumbersome numerical methods are still required in order to get an exact solution. Therefore, an FE simulation package, COMSOL [61] , was used to compute the COV values for a rectangular crack under static, shear loading. From the regression analysis, the relationship between aspect ratio and normalized shape factor can be described by
where n is a parameter that depends on the elastic properties of the material. The regression function S(ξ ) given in (14) is not only a function of the aspect ratio ξ = c/d but also that of Poisson's ratio ν. However, over the limited range of 0.27 ≤ ν ≤ 0.33 of practical interest in this study, the best fitting parameter pair ξ 0 = 1.38 and n = −0.37 yield a relative root-mean-square regression error of less than 1.2% over the aspect ratio range of 0.1 ≤ ξ ≤ 20; therefore, the weak influence of Poisson's ratio can be neglected. Equation (11) can be simplified by removing the wavelength terms and the proportionality sign, which yields
where K is the proportionality constant and
In the case of guided wave propagation in a 3-D plate structure, the number of dimensions in which divergence can occur is 2, which yields M r = −0.5 from (10). The crack-opening produced by the incoming plane wave excites a reflected SH0 mode in the plate whose amplitude is inversely proportional to the plate thickness, so M T = −1. This is because when T << λ, as indicated in (8), the SH0 reflection coefficient is proportional to COV averaged over the thickness of the plate T . At the low-frequency limit, where (8) is valid, R is proportional to the crack-opening volume, so M a = 3.
Substituting these values into (10) yields M f = 1.5, so
Hence, the reflection ratio for edge cracks is proportional to f 1.5 and effective crack size cubed, while inversely proportional to the plate thickness and the square root of the sampling distance. Since the far-field reflection coefficient R of the crack is defined in this article as the ratio of the scattered u sc and incident u in displacement amplitudes, the reflection coefficient is not a unique function of the parameters of the scatterer (size, shape, and so on) and the incident wave (frequency, wave speed, incident angle, and so on). Instead, u sc = u sc (r ) is also a function of the spatial coordinate vector r of the point of observation relative to the scatterer, i.e., R(r ) = u sc (r )/u in . At low frequencies, the far-field scattered displacement field can be approximated as follows:
where COV is the static crack-opening volume and G(r ) is the appropriate Green's function [62] . According to (19) , the frequency dependence of the reflection coefficient is a combination of that of the crack-opening volume and that of Green's function. The static crack-opening volume is a function of the crack size and shape and the elastic properties of the host medium. It is proportional to crack-opening shear stress τ = ikμu in that, in turn, is linearly proportional to the frequency. The appropriate Green's function can be obtained from Lamb's solution [63] that yields a proportionality of G(r ) ∝ k 1/2 for the cylindrically diverging scattered shear wave, so the reflection coefficient exhibits a frequency dependence of f 1.5 . The cubic dependence on the effective crack size is consistent with findings from previous studies that showed that the scattering amplitude is directly proportional to the crack-opening volume [52] , [58] , [59] . As in 2-D, the result shows that it is advantageous to operate at higher frequencies, but, again, the analysis is invalid above the SH1 cutoff, where more than one mode can propagate. The presence of the beam divergence effect means that the measured reflection ratios will be larger the closer the sensors are to the crack. However, the closer the measurement point is to the crack, the lesser the beam has diverged, which means that more measurement points will be required to obtain full coverage of the plate width or pipe circumference. Since dimensional analysis is unable to predict the value of the proportionality constant, we use FE analysis to estimate this value.
B. 3-D Numerical Validation 1) Finite Element Methodology:
In this work, FE analysis was used to model the interaction of the fundamental SH guided wave mode with a zero-volume surface-breaking crack in 3-D. In our case, it was more convenient to model a pipe, rather than a plate, because of the ease of generating an infinite, plane shear horizontal incident wave (the T(0, 1) torsional mode in the pipe) without the need for absorbing layers that lead to increase in model size and unwanted scattering at the layer interface [64] , [65] . Furthermore, there is a general interest for the application of guided wave crack monitoring in steel pipes. The material properties used in this FE study can be found in Table I . The overall layout of the FE model and the pipe cross-sectional view at the axial location of the defect are shown in Fig. 2(a) and (b) , respectively.
The nodes at one end of the pipe are assigned as transmitter nodes and excited equally in the circumferential direction with a five-cycle Hann windowed toneburst with a center frequency of 85 kHz to generate the fundamental torsional Fig. 3 . Snapshots of FE predictions of wave propagation in unrolled pipe (a) incident torsional wave (equivalent to SH0 mode in infinite plate) and (b) scattered field from surface crack showing dominant SH0 mode and faster S0 mode. The black dots illustrate an array of receiving transducers that are equally spaced around the pipe circumference, as typically used in guided wave inspection of pipes. At a given standoff distance from the crack, the receiving transducer labeled A will measure a significantly higher SH0 amplitude than at transducer B.
T(0, 1) guided wave mode. This is equivalent to an infinite plane SH0 in a plate, as shown in Fig. 3(a) . A set of receiver nodes programmed to output the in-plane displacement component perpendicular to the scattering direction was defined to be a fixed distance, L sample , around the crack, as shown in Fig. 2(a) . The receiver points are positioned, such that the scattered SH0 waves are measured before they mode convert into pipe guided wave modes, as highlighted in Fig. 3(b) . The incident and scattered wave amplitudes, over a range of frequency components, were calculated by computing the discrete Fourier transform of the time signal corresponding to the incident and scattered wave, respectively. The reflection ratio, R, is defined by
where u SH0−incident and u SH0−backscattered are the incident and backscattered SH0 amplitudes, respectively. Since the reflection ratio is proportional to COV at the quasi-static limit, we can calculate S, as defined in (14), from our FE results using
where R ξ 0 is the maximum reflection ratio for a given effective crack size. The crack was modeled by disconnecting the nodes across the crack face, which effectively gives a zero-volume crack. The depth of the crack was varied from 0% to 40% of the pipe wall thickness. In this work, the FE mesh and input model were constructed and assembled using MATLAB, while the wave propagation simulations were solved using Pogo, a simulation package used for explicit time-domain FE modeling of wave propagation [66] . The main advantage of Pogo is that it is a CUDA-enabled solver and hence allows explicit time-domain models to be solved on graphics processing units (GPUs) that have been shown to be 100-200 times faster than other commercial CPU-based FE solvers. In order to validate the derived 2-D and 3-D analytical solutions, a total of more than 130 cases were simulated over a large range of frequencies (30-170 kHz), defect sizes (0-2.5 mm), and wall thicknesses (6-12 mm).
Before starting the 3-D modeling, a 2-D mesh convergence study was carried out in order to check that the results of Section III-B2 could be predicted accurately and to determine the optimum element size that provides a good balance of accuracy and affordable computational cost. The results from this study concluded that a mesh density of ten elements per mm is sufficient for the convergence of the power coefficients. However, the 3-D simulations were limited to a mesh density of eight elements per mm due to the limitations in computational hardware. This is because, in our FE model, a mesh density increase from eight to ten elements per mm will result in an increase from 500 to 800 million degrees of freedom.
2) Numerical Results: The objectives of the numerical study were to validate the analytically derived power coefficients and to calculate the proportionality constant, K , of (18) . Since the value of R for any defect size within our scope of study can be computed from FE, then, K can be computed by directly solving for K using (18) . The power coefficients M a and M f were obtained by best fitting the numerical data to regression curves of power function form. Similarly, the values of M r and M T were calculated from different L sample values and FE simulations for different pipe wall thicknesses, respectively. The FE estimates of these four parameters show reasonable agreement with the analytical values, as shown in Table II . The small discrepancies may be partly due to the deviation of this system from the low-frequency limit because the choice of SH0 guided wave frequencies are relatively high, and also the mesh density used, as discussed earlier. Fig. 4 shows the normalized shape factor, S, plotted against the crack aspect ratio, ξ , on a log scale. The solid markers in Fig. 4 plot the S values that were calculated using FE results substituted into (21) , while the solid line is a plot of (15) with ξ 0 = 1.38 and n = −0.37, which is a regression curve that best fits the values of S calculated from crack-opening volumes under static loading. Fig. 4 shows that the FE results agree well with the static solution at higher aspect ratios, but the two solutions diverge, as the aspect ratio decreases; this corresponds to the crack shape becoming long in the circumferential direction and shallow in depth. In this regime, the crack depth is defined by a small number of elements in the FE analysis, which tends to lead to a decrease in the accuracy of the numerical solution [67] . Similar to the procedure used in the static case, the values of ξ 0 and n in the dynamic case can be calculated by using an error minimizing routine that best fits the FE data to the regression equation described in (15) . Only the range of S values for ξ > 1 was considered for this analysis because of the limitation in FE accuracy, as described earlier. Overall, these estimates show good agreement with the values obtained from the static solution, as shown in Table II .
C. Experimental Validation
The experimental setup used to validate the 3-D numerical findings is shown in Fig. 5 . A 1.2-m length, 6-in diameter, 11-mm wall thickness (NPS6 Schedule 80/XS ASTM A106-B) pipe was supported on steel V-blocks lined with plywood on the bed of a computer-numerical-controlled (CNC) machine and secured in position on the blocks by an aluminum clamp lined with cardboard. The soft facings on the supports and clamps were introduced to minimize the wave reflection from these features. A commercially available transducer ring shown in Fig. 6 (Guided Ultrasonics Ltd., Brentford, U.K., 6-in HD ring comprising of two rows of 40 piezoelectric transducers oriented to send and receive circumferential motion in the pipe) was clamped to the pipe at the location shown in Fig. 5 . A Handyscope HS5 waveform generator and a transmit-receive amplifier were used to generate a five-cycle Hann windowed wave with a center frequency of 85 kHz. The transducers in the first row shown in Fig. 6 were wired in parallel and were used as transmitters to excite the T(0, 1) mode; the transducers in the second row were used as individual receivers, a multiplexer being used to collect the signals from each in turn. After a period of baseline measurements to check the signal stability, a crack was simulated by progressively milling a notch at the same predefined location approximately 150 mm from the transducer ring using a 0.5-mm-diameter milling cutter. The notch size at each step is listed in Table III ; at each notch size, guided wave measurements were collected at 15-min intervals over a minimum period of two days to check stability and to allow signal averaging. Since the defect was less than a pipe circumference away from the transducer ring, the reflected T(0, 1) mode was not established in the reflected signals, so the SH0-like wave shown in Fig. 3(b) was received by the individual receiver transducers. The reflection from the notch was obtained by subtracting the average baseline signal from the average signal at each notch size after compensating for the small (±3 • C) temperature fluctuations using the method described by Harley and Moura [68] ; the reflection ratio was then obtained using (20) . Fig. 7 shows the reflection ratio, R, plotted against the effective crack size, a, obtained from the experiment (points) and predictions using (18) for a zero-width crack (dashed) and a 1-mm-wide crack (solid line), which represents the machined notch. These reflection ratios were calculated by measuring SH0 amplitudes at a single receiving transducer that was circumferentially aligned with the center of the crack. The parameter values listed in Table II were used to predict R for the zero-width crack and the finite-width crack, with a new, FE calculated proportionality constant, K 1 , for the latter. The proportionality constant is adjusted because the reflection ratio is also a function of the ratio of the axial extent of the defect to the wavelength, reaching a maximum at a length of a quarter wavelength [23] . In our case, the 1-mm length of the notches tested here represents 2.5% wavelength at the 85-kHz center frequency. The FE results show that K 1 ≈ 2K , which agrees with findings from the previous literature [23] . Although K 1 is approximately double the value of K , the reflection ratio change from the zero-length crack case is still modest, approximately 0.05% for a 1-mm-long and 2-mm-deep crack. The results from Fig. 7 show very good agreement between the experimental results and the predictions, showing that the simple quasi-static approximation is applicable in this frequency range.
IV. CONCLUSION
Traditional, high-frequency NDT techniques that are used for the inspection of cracks in steel structures have good detection sensitivity but a small-volume coverage that limits their practical use for monitoring large areas of structures. Low-frequency guided waves are typically used for long-range inspection of pipelines for corrosion but are often not sufficiently sensitive for the detection of small, critical cracks; significant improvements in sensitivity can be obtained by employing them in a monitoring configuration, but further increases in sensitivity are required for many crack detection applications. This work explored the possibility of using the fundamental shear horizontal (SH0) guided wave mode at frequencies up to the SH1 cutoff as a method for crack growth monitoring in critical sections of plates and plate-like structures.
Starting from a 2-D approach, an imperfect-interface model with quasi-static approximations was used to derive an analytical solution for the scattering of SH0 from surface and subsurface cracks; it was shown that the reflection from a surface crack is double that from a crack in the middle of the plate. In contrast to assumptions commonly made in guided wave testing, where the reflection is assumed to be proportional to CSA loss, the 2-D solution also showed that the reflection ratio at the low-frequency limit is proportional to frequency and crack depth squared and is inversely proportional to plate thickness. The results indicate that operating at higher frequencies is beneficial, but this is limited by the SH1 cutoff.
The investigation was extended to a 3-D system, where the dimensional analysis was used with quasi-static assumptions to derive the SH0 reflection ratio as a function of crack size, crack shape, and waveguide thickness while accounting for the divergence of the scattered field. At the low-frequency limit, the SH0 reflection ratio was shown to be proportional to the frequency to the power of 1.5, to the effective crack size cubed, and to be inversely proportional to the plate thickness and to the square root of the distance from the crack to the receiving transducer. The cubic dependence on the effective crack size is consistent with previous findings, showing that the scattering amplitude is directly proportional to the crack-opening volume; again, the reflection ratio is not simply proportional to the cross section loss produced by the crack. Similar to the 2-D results, it is advantageous to operate at higher frequencies, but, again, the analysis is invalid above the SH1 cutoff. The beam divergence effect in 3-D will result in a higher measured reflection ratio, as the distance from the sensors to the defect decreases, but as the distance reduces, more measurement points are required to obtain a full inspection coverage of the plate width or pipe circumference. In the case of a pipe, this phenomenon suggests that it would be advantageous to measure the scattered SH0 waves at standoff distances lower than the pipe circumference so that the received signal is not complicated by helical path arrivals.
FE analysis was used to validate the power coefficients from the dimensional analysis and to obtain the proportionality constant. The comparison between the numerical and analytical values showed good agreement, with small discrepancies due to challenges in 3-D mesh refinement and the divergence of the FE predicted case from the low-frequency limit, on which the analytical prediction is based. Experimental measurements on rectangular notches, with wavelength to characteristic defect dimensions in the range of 0.02-0.16, also showed very good agreement with the predictions, demonstrating that the simple quasi-static approximation is valid in this range. The experiments showed that it was possible to measure the reflection from a 2-mm-long, 1-mm-deep notch corresponding to 0.065% cross section loss in the pipe when the defect was located 150 mm away from the sensors. This suggests that SH0 measurements just below the SH1 cutoff have great potential for use in SHM, and this will be the subject of a future article.
